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Abstract. Let Iq C K[xi, . . . ,x m ] be the toric ideal associated to a finite 
graph G. In this paper we study the binomial arithmetical rank and the G- 
homogeneous arithmetical rank of Iq in 2 cases: 

(1) G is bipartite, 

(2) Iq is generated by quadratic binomials. 

In both cases we prove that the binomial arithmetical rank and the G-arithmetical 
rank coincide with the minimal number of generators of Iq. 



1. Introduction 

Let G be a finite, connected and undirected graph having no loops and no mul- 
tiple edges on the vertex set V(G) = {v\, . . . , v n }, and let E{G) — {e\, . . . , e m } be 
the set of edges of G. The incidence matrix of G is the n x m matrix Mq = (a^j) 
defined by 

{1, if Vi is one of the vertices in ej 
0, otherwise. 

Let K be an algebraically closed field and let Aq = {ai, . . . ,a m } be the set of 
vectors in Z", where = {a\,i, . . . , a n ,i) f°r I < i < m. The toric ideal Iq 
associated to G is the kernel of the if-algebra homomorphism 

(j) : K[xi, . . . ,x m ] -> K[ti, ...,t n ] 

given by 

4>(xi) = i" 1 '* ■ ■ • t^"'* for alH = 1, . . . , m. 
The ideal Iq is prime and therefore rad(Ic) = Ig- The toric variety V(7g) associ- 
ated to G is the set 

{(u u ...,u m )e K m \F{u u . . . ,u m ) = 0,VF e I G ] 

of zeroes of Ig- For every graph G the variety V(Iq) is an extremal toric variety, 
i.e. the vector configuration Aq is extremal, see Remark 2.1. 

The polynomial ring K[x%, . . . , x m ] has a natural G-graded structure given by 
setting deg G (xi) = a, for i = 1, . . . , m. For u = (iti, . . . , u m ) e N m , we define the 
G- degree of the monomial x u := x" 1 ■ • ■ x^ 1 to be 

deg G (x u ) := u\a.\ H h u m a m G NA G , 

where N^4g is the semigroup generated by Aq. Remark that NAq is pointed, i.e. 
zero is the only invcrtible clement. A polynomial F £ K[x\, . . . ,x m ] is called G- 
homogeneous if the monomials in non-zero terms of F have the same G-degree. An 
ideal / is G-homogeneous if it is generated by G-homogeneous polynomials. 
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The toric ideal Ig is generated by all the binomials x u + — x u ~ such that deg G (x u + ) = 
deg G (x u ~), where u+ € N m and u G N m denote the positive and negative part 
of u = u + — u , respectively (see [TTjV 

A basic problem in Commutative Algebra asks to compute the smallest integer s 
for which there exist polynomials F\, . . . , F s in Iq such that i G — rad(F\ , F S ). 
This integer is called the arithmetical rank of Ig and will be denoted by ara(/ G ). 
An usual approach to this problem is to restrict to a certain class of polynomials 
and ask how many polynomials from this class can generate the toric ideal up 
to radical. Restricting the polynomials to the class of binomials we arrive at the 
notion of the binomial arithmetical rank of Iq, denoted by bar(/ G ). Also, if all of 
the polynomials Fi,...,F s satisfying Ig — rad(Fi, . . . ,F S ) are G-homogeneous, the 
smallest integer s is called the G-homogeneous arithmetical rank of Iq and will be 
denoted by arable). From the definitions, the generalized KrulPs principal ideal 
theorem and the graded version of Nakayama's Lemma we deduce the following 
inequalities for a toric ideal Iq- 

ht(7 G ) < ara(/ G ) < ara G (/ G ) < bar(/ G ) < f i(I G ). 

Here ht(Jc) denotes the height and h(Ig) denotes the minimal number of generators 
of Iq- When ht(/ G ) = ^(Ig) the ideal Iq is called a complete intersection. 

A case of particular interest is when bar(/ G ) = ht(/ G ). When K is a field of 
characteristic zero this is equivalent to say that 7 G is complete intersection, see 
PP. Complete intersection bipartite graphs have been characterized in [4], [8]. In 
most cases, when G is bipartite, the equality bar(/ G ) = ht(J G ) does not hold. In 
section 3 we prove that bar(/ G ) = ara G (/ G ) = fi (J G ) , for any bipartite graph G. 
In addition we show that the equality bar(/ G ) = ara G (/ G ) = ^{Ig) also holds, for 
any graph G such that the toric ideal Iq is generated by quadratic binomials. 

2. Basics on toric ideals associated to graphs 

Let G be a graph. A walk of length q of G is a finite sequence of the form 

T = {{v 1 ,v 2 },{v 2 ,v s }, {v q ^ 1 ,v q }, {v q ,v q+1 }); 

this walk is closed if v q +\ — v\. An even closed walk is a closed walk of even length. 
A cycle of G is a closed walk 

r = ({Vl,V 2 },{v 2 ,V 3 },...,{Vg,V 1 }) 

with Vi ^ Vj for all 1 < i < j < q. Notice that if ei = {v^jV^} is an edge of G, 
then 4>(xi) = ti k ti t . Given an even closed walk T = (e^, . . . ,ei 2 ) of G with each 
efe G E(G), we have that 

fe=i fe=i 

and therefore the binomial 

9 9 

/r := JJ x i2k _, - Y[ x i2k 

k=l k=l 

belongs to 7 G . Remark that if T is an even cycle of G, then the monomials M = 
ni =1 Xi 2k -! an d N = JI/Ui x iik are squarefree. From Proposition 3.1 in [12] we 
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have that 

Iq = ({/r|r is an even closed walk of G}). 

Let u = (ui, . . . ,u m ) G Z m be a vector, then the support of u, denoted by 
supp(u), is the set {i G {1, ...,m}\ui ^ 0}. For a monomial x u we define 
supp(x u ) := supp(u). A non-zero vector u = (m, . . . ,u m ) S kerz(Mc) is called a 
circuit of Aq if its support is minimal with respect to inclusion and all the coor- 
dinates of u are relatively prime, where kerz(Mc) = {v 6 U n \M.QW t = 0'}. The 
binomial x u + — x u ~ G Iq associated to a vector u G kerz(Mc) is called also circuit. 
A binomial B = x u + — x u ~ G Iq is called primitive if there exists no other binomial 
x v + — x v G Iq such that x v + divides x u + and x v ~ divides x u ~ . For a circuit 
B = x u + — x u ~ G Iq we have, from Corollary 8.1.4 in [13] , that B = /p for an even 
closed walk T of G, since every circuit is also primitive. 

If G is a bipartite graph, then G has no odd cycles, so, from Proposition 4.2 in [12] . 
a binomial /r, where T is an even closed walk of G, is a circuit if and only if T is 
an even cycle. 

For the rest of this section we recall some fundamental material from [7]. 
We shall denote by Cq the set of circuits of Aq . Let 

C := {E G {1, . . . , to} I supp(u + ) = E or supp(u_) = E where u G Cq] 

and let C m i n be the set of minimal elements of C. 

To every toric ideal Iq we associate the rational polyhedral cone 

a = posq(Aq) := {A x ai H h A m a m | X { G Q> }- 

A face T of a is any set of the form 

T = a n {x G Q™ :cx = 0}, 

where c G Q™ and cx > for all x G er. Given an edge = {vi 1 , Vi 2 } of G, we 
have that posq(ai) is a face of a with defining vector c = (ci, . . . , c„) G Z™ having 
coordinates 

_ f 0, if j = ii,i 2 
3 \ 1, otherwise. 

Remark 2.1. For every graph G the vector configuration Aq is extremal, i.e. for 
any B C we have pos^(B) Q posq(^4g)- 

To see this consider a set i? = {a.^ , . . . , a» fc } ^ v4q and assume that the vector a^ 
is not in B. Let c be the defining vector of the face posQ(&j). If a.j belongs to 
Posq(B), then a^ = Aia^ + • • • + A^a^ , where Ai, . . . , A& are nonnegative rationals 
and there is at least one A r different from zero. Thus ca.j = Ai(cai 1 ) + - • ■ + A/^ca^) 
and therefore = Ai(ca il ) + • • ■ + Xk(ca ik ). But 

A^caiJ H h A fc (ca. t J > 0, 

a contradiction. Consequently a.j does not belong to posq(B), so posq(B) is a 
proper subset of posq(Aq). 

For a subset E of {1, . . . ,m} we denote by o~e the subcone posQ(a.i\i G E) of 
<7. We adopt the convention that a% = {0}. The relative interior of o\e, denoted 
by relint/Q(a e) , is the set of all strictly positive rational linear combinations of a;, 
i g E. 
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Definition 2.2. (^\) We associate to G the simplicial complex Ag with vertices 
the elements of C m in- Let T C C m in then T G Ag if 

nEerrelintq (a E ) ^ 0. 

In particular {E,E'} G Ag if and only if there exists a circuit u G Cg such that 
supp(u + ) = E and supp(u_) = E 1 . 

Let J be a subset of ft := {0, 1, . . . , dim(A G )}. A set X = {Ti,...,T s } of 
simplices of Aq is called a J -matching in Ag if XJ. n T) = for every 1 < k, I < s 
and dim(Tk) G J for every 1 < k < s; see also Defnition 2.1 in [7]. Let supp(.M) = 
Uf =1 Ti, which is a subset of the vertices C m in- A J-matching A4 in Ag is called a 
maximal J-matching if supp(A / () has the maximum possible cardinality among all 
J-matchings. 

Given a maximal J-matching M. = {T±, . . . , T s } in Ag, we shall denote by card(A4) 
the cardinality s of the set Ai. In addition by 5(Ag)j we denote the minimum of 
the set 

{card(M)\Ai is a maximal J — matching in Ag}- 
It follows, from the definitions, that if Ag = Ui=i * nen 

t 

S(A G ) J = Y / S(A G )j, 

i=l 

where A G are the connected components of Ag- 

Example 2.3. Consider the complete graph /C4 on the vertex set {v±, . . . , V4,}. 
We consider one variable Xij, 1 < i < j < 4, for each edge {vi,Vj} of IC4 and 
form the polynomial ring K[x\2, X13, X23, X24, £34]. From Proposition 4.2 in 
[12j we have that the toric ideal has 3 circuits, namely /r x = 2^12^34 — 2:142:23, 
Jr 2 = 2:122:34 — X13X24 and /r 3 = 2:132:24 — 2:142:23, corresponding to the 3 even 
cycles Ti, T2 and T3, respectively, of /C4. In fact /ac 4 is minimally generated by 
two of the above binomials, so it is complete intersection of height 2. The sim- 
plicial complex A/q has three vertices, namely E\ = {12,34}, E2 = {14,23} 
and E3 = {13,24}. It consists of all subsets of the set {£1, E2, E3}. There are 
four maximal {0, l}-matchings in Ajq, namely {{E±, E 2 }, {E 3 }}, {{Ei, E 3 }, {E 2 }}, 
{{Ea,^},^}} and {{E^, {E 2 }, {E 3 }}. We have that <5(A K4 ) {0jl} = 2 which 
is attained for example by the maximal {0, l}-matching {{Ei, E2}, {E 3 }}. In 
addition S(A/c i ){o 1 2} = 1 which is attained by the maximal {0, 1, 2}-matching 
{{E U E 2 ,E 3 }}. 

Using the fact that Aq is an extremal vector configuration and also two results 
from [7], namely Theorem 4.6 and Theorem 3.5, we get the following Theorem: 

Theorem 2.4. For a toric ideal Iq we have <5(Ag){o.i} < barfJc) o,nd (5(Ag)j2 < 
aracfJc)- 

3. Arithmetical rank 

Let Jg C K[xi, . . . , x m ] be the toric ideal associated to a graph G. A binomial 
B G Iq is called indispensable if every system of binomial generators of Iq contains 
B or — B, while a monomial M is called indispensable if every system of binomial 
generators of Iq contains a binomial B such that M is a monomial of B. Let 
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A/g be the monomial ideal generated by all x u for which there exists a nonzero 
x u — x w € Ig- From Proposition 3.1 in [2] we have that the set of indispensable 
monomials is the unique minimal generating set of Mg- The following lemma will 
be useful in the proof of Theorem 3.2 and Proposition 3.4. 

Lemma 3.1. Assume that either G is a bipartite graph or Iq is generated by 
quadratic binomials. Let Tq = {Mi, . . . , M r } be the set of indispensable monomials, 
then C m in = {supp(Mi), . . . , supp(M r )}. 

Proof. Consider first the case that G is a bipartite graph. From Theorem 3.2 
in [5] we have that Iq is minimally generated by all binomials of the form /p, 
where T is an even cycle of G with no chord. Combining the above theorem and 
Theorem 2.3 in [TU] we obtain that a binomial x u + — x u ~ € Iq is indispensable if 
and only if it is of the form fp, for an even cycle of G with no chord. Notice that 
in some cases there are circuits of Iq of the form f-p , for an even cycle r of G with 
a chord. If Bi, . . . , B s are the indispensable binomials of Ig, then the toric ideal 
Ig is generated by the indispensable binomials. In addition the monomials of Bi, 
1 < i < s, are all indispensable and also they form Tq. We will prove that 

Cmin C {sUpp(Mi), . . . ,SUpp(M r )}. 

Let E G C m i n and let a = posq(Ag). From Theorem 4.6 in [7] the simplicial 
complexes Aq and D a are identical, see [7] for the definition of the last complex. 
Using the fact that Ig is generated by the binomials B\, . . . , B s and Corollary 5.7 in 
[5] we take that there is a monomial Mi such that cone(Mi) = erg. For the definition 
and results about the cone of a monomial see [5]. But cone(Mi) — cr sup p(M i ), since in 
this case all vectors belong to an extreme ray of a, so <te = cr supp (jvf i ) and therefore 
E = supp(Mi). Thus 

C {supp(Mi),...,supp(M r )}. 

Consider now a set E — supp(M;), 1 < i < r, and we will prove that it also be- 
longs to Cmin. Suppose not, then there is an E' C E such that E' — supp(x u +) or 
E 1 = supp(x u ~) where x u + — x u ~ 6 Ig is a circuit. Without loss of generality we 
can assume that E' = supp(x u +). The monomials x u +, x u - are squarefree and also 
x u + divides Mi, since E' C E, a contradiction to the fact that Mi is indispensable. 

Assume now that Ig is generated by quadratic binomials. Let {B±, . . . , B s } be 
a quadratic set of generators of Iq and let Sg be the set of monomials appearing in 
the binomials B\, . . . , B s . We will prove that Sg coincides with Tq, i.e. Sg is the 
minimal generating set of the ideal A/"g ■ Every monomial N of Sg belongs to the 
ideal Mg- On the other hand for a monomial x u G A/g> there exists a monomial 
x w such that x u — x w S Ig- But Ig = (B\, . . . ,B S ), so there is a monomial 
N' G Sg which divides x u and therefore Sg is a set of generators for the ideal 
Mg- In addition Sg is a minimal generating set, since every monomial N of Sg is 
quadratic. Thus Sg is the set of indispensable monomials. 

Using the fact that Ig is generated by the binomials B\,...,B S and Corollary 5.7 
in [5] we can easily prove that 

Cmin C {supp(M 1 ),...,supp(M r )}. 

It remains to prove that 

{supptMi), . . . , su PP (M r )} c C 

ra i n • 
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Let E = supp(A/;), 1 < i < r, and assume that E does not belong to C m in- Then 
there is an E' C E, i.e. E' = {i} is a singleton, and a circuit xf — Ni G Ig such that 
£?' = supp(xf ) and E' n supp(iV l ) = 0. Let i? = Aq — {aj g A G then deg G (A^ 2 ) 
belongs to posq(R), so <?jaj belongs also to posq(R), since <?jaj = deg G (iVj), and 
therefore a 4 G posq(R). Thus posq(A g ) = posq(R), a contradiction to the fact 
that Aq is extremal vector configuration. □ 

Let T C Ig be a set of binomials. We shall denote by S(b)f the graph with ver- 
tices the elements of deg G 1 (b) = {x u | deg G (x u ) = b} and edges the sets {x u ,x v } 
whenever x u — x v is a monomial multiple of a binomial in T . The next theorem 
computes the binomial arithmetical rank and the G-homogeneous arithmetical rank 
of Ig, for a bipartite graph G. 

Theorem 3.2. Let G be a bipartite graph, then bar(/ G ) = h(Ig) an d & t &g(Ig) = 
KIg). 

Proof. First we will prove that {E, E'} is an edge of A G if and only if there is an 
indispensable binomial x u + — x u G Ig with supp(u + ) = E and supp(u_) = E 1 . 
The one implication is easy. Let x u + — x u G Iq be an indispensable binomial 
with supp(u + ) = E and supp(u_) = E 1 . Then x u + — x u = /p, for an even 
cycle F of G with no chord. But /p is a circuit and therefore {E, E'} is an edge. 
Conversely consider an edge {E, E'} of A G , then there is a circuit x u + — x u ~ G Ig 
such that supp(u + ) = E and supp(u_) = E'. Let T G = {Mi, . . . , M r } be the set of 
indispensable monomials, then, from Lemma 3.1, there are indispensable monomials 
Mi, Mj such that E — supp(Mi) and E' = supp(Mj). But x u +, x u - are squarefree 
and also Mi, Mj are minimal generators of Afc, so x u + = Mj, x u ^ = Mj and 
therefore both monomials x u + , x u ~ are indispensable. Let 

b = deg G (x u +) = deg G (x u -). 

If B\, . . . , B s are the indispensable binomials of 7 G , then T := {Bi, . . . , B s } is a 
generating set of J G and therefore the graph S^b)^ is connected, see Theorem 3.2 
in [3]. Suppose that x u + — x u ~ is not indispensable, then there exist a path 

({x^=x"»,x Ul } 1 {x' I >,x' l2 },..,{x u «,x u '=x u -}) 1 t>2, 

in S^b)^ connecting the vertices x u ° and x Ut . Consider now the binomial x u ° — x Ul . 
There is a binomial Bi and a monomial P such that x u ° — x Ul = PBi since 
{x U0 ,x U1 } is an edge of S(b) r . If B % = x w + - x w -, then x u ° = Px w + and 
therefore x w+ divides x u °. But x un is indispensable, so P = 1 and therefore the 
binomial x u ° — x Ul is indispensable. Thus the monomial x Ul is indispensable. 
Moreover x Ul — x U2 is indispensable, since {x Ul ,x U2 } is an edge of 5(b)jr and x Ul 
is indispensable, as well as all the binomials x"^ 1 — x Ui , 3 < i < t. Consequently 
there are at least two indispensable binomials with the same G-degree, contradict- 
ing Theorem 3.4 in [2]. Recall that the G-degree of a binomial x u — x v G 7 G is 
defined to be deg G (x u — x v ) := deg G (x u ). 

Now, from Theorem 3.4 in [SJ, every edge of A G constitute a connected compo- 
nent. Remark that A G has no connected components which are singletons, since 
Cmin = {supp(Mi ),..., supp(A/ r )} and 7 G is generated by the indispensable bi- 
nomials. Thus every connected component of A G is an edge, so A G has s con- 
nected components. Let A G = {E,E'}, 1 < i < s, be a connected component 
of A G . There are two maximal {0, l}-matchings in A G , namely {{E,E'}} and 
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{{-E}, {E 1 }}. We have that <5(A G ){ x j = 1 which is attained by the maximal 
{0, l}-matching {{E, E'}}. Consequently 

s 

5(A G ) {0)1} =^5(A G ) {0)1} = s, 

i=l 

i.e. <5(A G ){ .i} — M(-fe)- From Theorem 2.4 we have that bar(/ G ) > P-{Ig) and 
therefore bar(/ G ) = M-fc)- 

In addition <5(A G ) n = 6(A G ){ ,i}, since dim(A G ) = 1. So <5(A G )o = h(Ig) and 
therefore, from Theorem 2.4, we have that ara G (/ G ) > /i(/ G ). Thus ara G (/ G ) = 
H(I G ). □ 

Example 3.3. Let ^3,3 be the complete bipartite graph on the vertex set {vx, . . . , vq} 
with 9 edges: 

{vi,v 4 }, {v 1 , v 5 }, {v lt v 6 }, {v 2 ,v 4 }, {v 2 , v 5 }, {v 2 , v 6 }, {v 3 ,v 4 }, {v 3 , v 5 }, {v 3 , v 6 }. 

We consider one variable Xij, 1 < i < j • < 6, for each edge {vi, Vj} of G and form 
the polynomial ring K[xij\l < i < j < 6]. The toric ideal Iq is minimally generated 
by 9 binomials: 

X14X26 ~ X m X 2 A, ^15^36 - ^16^35, ^25^36 ~ ^26^35 , ^24^36 ~ ^26^34, ^14^25 ~ ^15^24, 
XlbX2S - X W X 2 Z,X 2 AX 3b - X 2 bX 3A , XiaX 3& ~ X 16 X 3i , X U X 35 - Xi 5 X 3i . 

The simplicial complex A G has 18 vertices, corresponding to the 18 monomials 
arising in the above minimal generating set of Iq, and 9 edges corresponding to the 9 
minimal generators of 7 G . From Theorem 3.2 we have that ara G (/ G ) = bar(/ G ) = 9. 
The height of Iq equals 9—6+1 = 4, see Proposition 3.2 in [15] . For the arithmetical 
rank of Iq we have that 4 < ara(/ G ) < 7, since Iq equals the radical of the ideal 
generated by 

£142:26 -Xi 6 X 2 4+Xi 5 X 36 ~X W X 35 , X 2 5X 3 6 -^26^35+^14^25 -^15^24, 2:24^36 ~ £26^34 , 
2:i5£26 - X W X25,X24X 35 - X 2 5X 3 4, X U X 3e - X 16 X 3 4, X U X 35 - X15X34. 

An interesting case occurs when Iq is generated by quadratic binomials. In [9] a 
combinatorial criterion for the toric ideal Iq to be generated by quadratic binomials 
is studied. Remark that if B quadratic binomial in Iq, then 

B = fr for an even cycle T of G of length 4. We are going to compute the binomial 
arithmetical rank and the G-homogeneous arithmetical rank of such an ideal. 
We shall denote by A in( j( J 4 G ) the indispensable complex of Aq. For the definition 
and results about the indispensable complex see [2j. 

Proposition 3.4. Let Iq be a toric ideal generated by quadratic binomials, then 

(1) {E, E'} is a connected component of A G if and only if there is an indis- 
pensable quadratic binomial x u + — x u G Iq with supp(x u +) = E and 
supp(x u -) = E'. 

(2) every connected component of Aq is either an edge or a 1-simplex . 

Proof. (1) The first goal is to prove that {E, E'} is an edge of A G if and only if there 
is a quadratic binomial x u + — x u ~ G Iq with supp(x u + ) = E and supp(x u ~ ) = E' . 
The one implication follows from the fact that if x u + — x u ~ G Iq is a quadratic 
binomial, then supp(u) is minimal with respect to inclusion, since Aq is extremal, 
and therefore the binomial x u + — x u ~ is a circuit. Conversely let {E, E'} be an edge 
of A G and let x u + — x u G Iq be a circuit with supp(x u + ) = E and supp(x u ~ ) = E' , 
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where u = (ui, . . . ,u m ) £ Z m . From Corollary 8.4.16 in [13] we have that \ui\ < 2. 
Let {B\, . . . , B s } be a quadratic set of generators of Iq and let T G = {Mi, . . . , M r } 
be the indispensable monomials. We have that both E, E' belong to C TO , n and 
therefore, from Lemma 3.1, E = supp(Mi) and E' = supp(Mj). But Mi and Mj 
are quadratic monomials, so E and E' consist of exactly 2 elements. Let E = {k, 1} 
and E' — {p, q}. We will consider three cases. 

(i) If the monomials x u + and x u - are squarefree, then x u + — x u ~ is a quadratic 
binomial with supp(x u +) = E and supp(x u ~) = E' . 

(ii) If x u + = x\x\ and x u ~ = x p x q , then deg G (x u +) = deg G (x u ~) and there- 
fore 2a/j, + 2a; = 2a p + 2a g . Thus afe + a; = a p + a q , so the binomial 
XkXi — XpX q belongs to Iq and also supp^^x;) = E, supp(x p x q ) = E' . 

(hi) Ifx u + = x\xi andx u - = x p x q , then deg G (x u +) = deg G (x u ~) and therefore 
2a. k + &i = 2& p + & q . Assume that a^ — a p ^ 0. Notice that every nonzero 
coordinate of the above vector equals either 1 or —1. We have that a g — a; = 
2(afc — a,,), so every nonzero coordinate of the vector a. q — a; equals either 
2 or —2, contradiction. Thus a^. — a p = 0, so a^. = a p and therefore k = p, 
a contradiction to the fact that supp(u + ) n supp(u_) = 0. 
Similarly the assumption x u + = Xkxf or x u ~ = x p x q leads again to a 
contradiction. 

The second goal is to prove that {E, E'} is a connected component of A G if and only 
if there is an indispensable quadratic binomial Mi — Mj 6 7 G with supp(Afi) = E 
and supp(Mj) = E'. Suppose that the binomial Mi — Mj 6 7 G is indispensable 
with supp(Mi) = E and supp(Afj) = E' . From Theorem 3.4 in [2] we have that 
{Mi, Mj} is a facet of the indispensable complex A ind ( Ao y Assume that {E, E'} is 
not a connected component of A G . Let us suppose that {E, E"} is an edge of A G , 
then there exists a quadratic binomial x u + — x u ~ € Iq with supp(x u +) = E and 
supp(x u -) = E" . Moreover x u + = Mj and x u ~ = Mj~, since the monomials x u +, 
x u ~ are quadratic and therefore indispensable. Notice that deg G (Mi) — deg G (Mk). 
Thus 

deg G (M l ) = deg G (M,) = deg G (M fc ), 

since the binomial Mi — Mj belongs to Iq and therefore deg G (Afi) = deg G (Afj). 
So {Mi, Mj, Mk} is a face of A ind (A G ), a contradiction to the fact that {Mi,Mj} 
is a facet of A ind (^ G ). Consequently {E, E'} is a connected component of A G . 
Conversely assume that {E,E'} is a connected component of A G . Then there is a 
quadratic binomial x u + — x u ~ G 7 G with supp(x u +) = E and supp(x u ~) = E' . In 
fact x u + = Mi and x u ~ = Mj, for some indispensable monomials Mi, Mj. Suppose 
that the above binomial is not indispensable, then, since Mi is indispensable, there 
is an I e {1, . . . , s} such that B\ = Mi - M k . Set E" = supp(M fc ) e C min . We 
have that {E, E"} and {E',E"} are edges of A G , since also Mj — M k e Iq, a 
contradiction to the fact that {E, E'} is connected component. 
(2) Notice that A G has no connected components which are singletons. To see 
this consider E = supp(Mi) £ C m i n , then there is an I £ {1, ...,s} such that 
Bi = Mi — Mj. Consequently {supp(Mi), supp(Mj)} is an edge of A G . 
Next we will show that {E, E', E"} is a 2-simplex of A G if and only if there are 
quadratic binomials M l - Mj, Mj - M k , M l - M k in I G with supp(Afi) = E, 
supp(Afj) = E' and supp(A/fe) = E" . The one implication is easily derived from 
the fact that if {E, E' , E"} is a 2-simplex of A G , then every 2-element subset of it 
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is an edge. Conversely we have that 

deg G (M i ) = deg G (Mf) = deg G (M fe ) 
belongs to the intersection 

relintq (o~e) H relintq {(Je 1 ) H relintq {oe") ■ 
Thus {E, E', E"} is a 2-simplex of A G . 

Finally we prove that if {E, E' , E"} is a 2-simplex of A G , then it is a connected 
component. There are quadratic binomials Mi — Mj, Mj — M k and Mj — in 
Ig, where supp(Mj) = E, supp(Mj) = E' and supp(Mfe) = E" . Let us suppose 
that Mi — Xi t Xi 2 , Mj = Xj t Xj 2 and M% — Xk 1 Xk 2 - In addition there are even 
cycles Ti, T 2 , T 3 of G of length 4 such that Mi - Mj = f Vl , Mi - M k = f Ta and 
Mj — Mk = /r 3 . The cycle Ti has 4 edges, namely e^, €i 2 , ej 1 and e j2 , the cycle 
T2 has 4 edges, namely e^, e,- 2 , and efc 2 , and T 3 has 4 edges, namely ej 1 , e j2 , 
efej and ek 2 ■ Notice that the edges and ei 2 have no common vertex. The above 
three cycles have the same vertex set V consisting of 4 vertices. Moreover these are 
the only even cycles of length 4 with vertex set V. Let JC4 be the induced subgraph 
of G on the above vertex set. It is a complete subgraph with 4 vertices and edges 

If, for example, {E,E"'} is an edge of A G , then there is a quadratic binomial 
Mi - Mi e Ig with supp(M ; ) = E'" e C min . Furthermore Mi - M t = f Ti , for an 
even cycle T4 of G of length 4. The vertex set of T4 is V, since and e^ 2 have no 
common vertex, and therefore T4 coincides with either Ti or T2. Thus Mi equals 
to either M 3 or M k , so E'" = E' or E'" = E" . Consequently {E, E',E"} is a 
connected component of A G . □ 

Remark 3.5. (1) To every connected component {E,E'} of A G we can associate 
an indispensable binomial /r = XiXj — XkXi £ Ig, for an even cycle r of G of length 
4, where E = {i,j} and E' = {k, I}, and also the induced subgraph TL of G on the 
vertex set of T. The subgraph H is not a complete graph. Moreover the toric In is 
complete intersection of height 1 and it is generated by fr- 

(2) {E, E' . E"} is a 2-simplex of A G if and only if there are quadratic binomials 
Mi - Mj, Mi - M k , Mj - M k in I G with supp(M l ) = E, supp(Mj) = E' and 
supp(M fc ) = E". 

(3) To every connected component of A G which is a 2-simplex we can associate a 
complete subgraph /C4 of G of order 4. The toric ideal I^ l is minimally generated 
by two binomials fr 1 and /r 2 , where T± and T2 are even cycles of length 4 on the 
vertex set of /C4 . 

Proposition 3.6. Let Y = (e^, e p , e 3 ;, e q ) be an even cycle of a graph G such that 
the induced subgraph TC of G on the vertex set of T is not a complete graph. If H 
is a nonzero polynomial in I-h, then there exist monomials M, N of H such that 
XiXj divides M and x p x q divides N . 

Proof. For the toric ideal In we have, from Proposition 4.13 in [11], that In = 
lG<^K[xi\ei S E(H)]. Since In = ifr), there is a nonzero polynomial C € K[xi\ei G 
E(H)] such that H = Cfr- The polynomial C has a unique representation as a 
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sum of terms C = C\ + ■ ■ ■ + C s . Notice that the monomials of two distinguished 
terms Ck and G are different. We have that 



Assume that H has no term whose monomial is x p x q . This implies that in the 
above expression of H all the terms of the form CkX p x q should by cancelled. But 
these terms can not cancel by themselves, so terms of the form CkXiXj are used to 
cancel them. We claim that a term CkXiXj can be used to cancel atmost one term 
of the form —C'ix p x q . Assume that CkXiXj is used to cancel the terms —Cix p x q and 
Let M\, Mi and M3 be the monomials of the terms CkXiXj, —Cix p x q and 
—C r x p x q respectively. Then Mi = M2 and Mi = M3, so Mi = M3, contradiction. 
But x p x q divides no monomials of H , so there are two cases. 

(1) In expression (3.1) every term cancels. Therefore H is equal to zero, con- 
tradiction. 

(2) In expression (3.1) every term of the form —Cix p x q cancels, but still there 
exist terms of the form C' k XiXj where C' k is different from Ck- Notice that 
the monomial of such a term coincides with the monomial of a suitable term 
—Cix p x q . Thus every term C' k XiXj is divided by x p x q , contradiction. □ 

The next lemma will be useful in the proof of Theorem 3.8. 

Lemma 3.7. Let G be a graph with edges E(G) = {e\, . . . , e m }, T an even cycle 
of length 4 and Ti. the induced subgraph of G on the vertex set of T. If T C 
J G is a set of G -homogeneous polynomials which generates Iq up to radical, then 
T H if[xj|ej is an edge of H] generates In up to radical. 

Proof. Let {vi t , . . . , Vi A } be the vertices of T. The rational polyhedral cone 
Posq(A-h) is a face of posq(Ag) with defining vector c = (ci, . . . , c„) 6 Z" having 
coordinates 



= f 0, if j = h,i2,i3,h 
J [1, otherwise. 

Thus, from Proposition 3.2 in [6], we have that T n K\xi\ei 6 E(H)] generates I-j-c 



The following theorem determines the binomial arithmetical rank and the G- 
homogeneous arithmetical rank of a toric ideal Iq generated by quadratic binomials. 

Theorem 3.8. Let G be a graph. If Iq is generated by quadratic binomials, then 

(1) bar(7 G ) = (i(I G ) and 

(2) ara G (7 G ) =/x(7 G ). 

Proof. (1) Let g > be the number of indispensable binomials of J G , then, from 
Proposition 3.4 (1), the simplicial complex A G has exactly g connected components 
which are edges. 

We will show that A G has connected components which are 2-simplices, where 
s = /i(/ G ). Let B — {B-y, . . , ,B S J be a minimal set of quadratic generators of 
Iq and let {Mi, . . . ,M r } be the set of indispensable monomials. Notice that B 
has s — g binomials which are not indispensable. Given a 2-simplex {E, E' , E"} 
of A G , there are quadratic binomials /r x = Mi — Mj, fr 2 — Mi — Mk, fv 3 = 
Mj - M k in I G with supp(Mj) = E, supp(Mj) = E' and supp(M fc ) = E" . Remark 



I Cs X^X j Cl XpX q ... XipX q . 



(3.1) 



up to radical. 



□ 
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that the binomials fr 1 , fr 2 and /r 3 , as well as — /r i; — fr 2 and — /r 3 , are not 
indispensable. In fact the minimal generating set B contains exactly two of the 
binomials /r 15 —fvn /r 2 > ~fr 21 /r 3 and — /r 3) since the monomials Mi, Mj, Mk 
are indispensable and {E, E' , E"} is a connected component of A^. Let t be the 
number of connected components which are 2-simplices, then B contains at least 
2t binomials which are not indispensable. So 2f < s — g. On the other hand if 
Bi = Mi — Mj is not indispensable, then {supp(Mi), supp(Mj)} is an edge which 
is not a connected component of Aq- Therefore there is a monomial Mk such that 
{supp(Mi), supp(Mj), supp(Mfe)} is a connected component of Aq. Moreover there 
exists a p 6 {1, . . . , s} such that B p or — B p equals either Mi — Mk or Mj — Mk- 
But B is a minimal generating set, so there exist exactly two binomials in B whose 
monomials are Mi, Mj and Mk- Thus has at least connected components 
which are 2-simplices, so < t. Consequently t = 

For every connected component A G of Aq which is an edge we have 5(Aq){ ,i} = 1, 
while for every connected component A G of Aq which is a 2-simplex we have 
<5(Aq){ j} = 2. Consequently 

S(A G ) {Q , 1} =g + 2^=s, 

i.e. <5(A G ){ !j = fi(Ic), and therefore, from Theorem 2.4, ba,r(Ic) = /j,(Ig)- 
(2) Let T C Iq be a set of G-homogeneous polynomials which generate Iq up to 
radical. Let A^ = {E,E'}, A G be two connected components which are edges 
and let TLi and TLj, respectively, be the corresponding induced subgraphs. Let 
E = {fc, 1} and E' = {p, q}, then lyii = (/r) where fr = XkXi — x p x q . The cycle T 
has 4 edges, namely e^, e;, e p and e q . From Proposition 3.6 every nonzero H 6 
is a polynomial in at least 4 variables, namely Xfc, xi, x p and x 9 . We will prove 
that every nonzero polynomial H , which belongs to I-j-c i , does not belong to Iu ■ 
Assume that there is a nonzero polynomial H E I-Hi which belongs to . From 
Proposition 4.13 in [11], we have that In, = Io^K[xi\ei € E(Hj)]. But H belongs 
to I-Hj , so if is a polynomial in the ring if [a^e.; € and therefore every edge 

of r is also an edge of TLj . Thus the indispensable binomial fr belongs to In and 
therefore, from Proposition 3.4 (1), we have that {E, E'} is a connected component 
of Aq, a contradiction. Given a connected component of Aq, which is an edge, 
and the corresponding induced subgraph Ti. of G, there exists, from Lemma 3.7, at 
least one G-homogeneous polynomial F G I-h in T . The simplicial complex Aq has 
g connected components which are edges, so T has at least g G-homogeneous poly- 
nomials, say . . . , F g , belonging to the corresponding toric ideals i?^, 1 < i < g. 
Remark that if G has a complete subgraph IC4, then every polynomial Fi, 1 < i < g, 
does not belong to the toric ideal I/c 4 , since Iut — Ig Hif [x r \e r € E(Hi)] and every 
Hi is not a complete graph. 

Let A G , Aq be two connected components which are 2-simplices and let IC^ P and 
/C4 i9 , respectively, the corresponding induced subgraphs. We will prove that every 
nonzero polynomial H, which is in the ideal i^pi does not belong to Iic iq - Let 
Ik 4 . p = (/r!,/r 2 ), where f Tl = x tl x l2 - x l3 x l4 and fr 2 = x tl x l2 - x h x l6 . Assume 
that H 6 Ijc 4 is a nonzero polynomial which belongs to Iic 4 . ■ Since H belongs 
to /yc 4p j every monomial of H is of the form Cx iiXi2 or Nx i3 x i4 or Qx irXie , for 
appropriate monomials G, TV and Q. But Jjc 4 = Ig H -^"[xjlej G £^(^4^)], so /C4 j9 
has at least 2 edges coming from A^4, p . These edges are and &i 2 or and ei 4 or 
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ej 5 and ei 6 . Notice that the edges and ei 2 have no common vertex. The same 
holds for a 3 and ej 4 , as well as the edges and ej 6 . But £4,9 is a complete graph, 
so /C4 jP = ICi.q contradiction. 

Given a connected component of A.q, which is a 2-simplex, and the correspond- 
ing induced subgraph JC4 of G, there exist, from Lemma 3.7, at least two G- 
homogeneous polynomial H\ , H2 £ /x; 4 in T. The simplicial complex Aq has 
connected components which are 2-simplices, so T has also at least 2^2- = s — g G- 
homogeneous polynomials, say Hi, ... , H s - g , belonging to the corresponding toric 
ideals I/c 4 4 , 1 < i < s — g. Thus 

ara G (/ G ) > g + (s - g) = s, 

i.e. araG(ic) > ^(Ig), and therefore araG(-fc) = A*(^g)- D 

Example 3.9. Consider the complete graph /C„, n > 4, on the vertex set ...,«„,}. 
We consider one variable Xij, 1 < i < j < n, for each edge {v%,Vj} of JC n and form 
the polynomial ring ,?f[iEy|l < i < j < n]. The toric ideal Ijc„ is the kernel of the 
if-algebra homomorphism 

<j) : K[xij\l < i < j < n] -► K[t u . . . ,t n ] 

given by 

<f>(Xij) = titj. 

From Proposition 3.2 in [T2] the height of I% n equals (™) — n = "("~ 3 ) ; j e the 
number of edges minus the number of vertices. It is well known, see for example 
Proposition 9.2.1 in [13], that 

B = {x^xm - xuXjk,XikXji - xuXjk\l <i<j<k<l<n} 

is a minimal generating set for ijc„ . The toric ideal -Zjc n has no indispensable bi- 
nomials and therefore every connected component of A/c n is a 2-simplex. Thus 
Ajc n has 3(2) vertices and Q) connected components, which are 2-simplices, cor- 
responding to all complete subgraphs of /C„ of order 4. For the minimal number of 
generators we have that 

/ n\ n(n — — 2)(n — 3) 

Consequently 



rc(n- l)(rc- 2)(n- 3) 
bar(JK;„) = ara;c n (ijcj = • 

Using the result of Eiscnbud-Evans and Storch that ara(7x; n ) is bounded above by 
the number of variables of K[xij |1 < i < j < n] we take that 

n(n — 3) 1 . n(n — 1) 

K 2 1 < ara(7x;J < V - ^ . 

For the polynomials which minimally generate I)c n up to radical we know, from 
Theorem 5.8 in [5], that there must be at least 3(^) monomials in at least 2Q) 
/C n -homogeneous components. 
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